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We need the following lemmas for the proof of Theorem [3.1](#FPar2){ref-type="sec"}.

Lemma 3.2 {#FPar3}
---------

\[[@CR7]\]

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(Y_{n})$\end{document}$ *be an almost increasing sequence and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\lambda_{n}\rightarrow0$\end{document}$ *as* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n\rightarrow\infty$\end{document}$. *If* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(B_{n})$\end{document}$ *is* *δ*-*quasi*-*monotone with* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\sum B_{n}Y_{n}$\end{document}$ *is convergent and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$|\Delta\lambda_{n}|\leq|B_{n}|$\end{document}$ *for all* *n*, *then we have* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \vert \lambda_{n} \vert Y_{n}=O (1 ) \quad \textit{as }n\rightarrow\infty. $$\end{document}$$

Lemma 3.3 {#FPar4}
---------

\[[@CR8]\]

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(Y_{n})$\end{document}$ *be an almost increasing sequence such that* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n| {\Delta Y_{n}}|=O (Y_{n} )$\end{document}$. *If* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(B_{n})$\end{document}$ *is* *δ*-*quasi monotone with* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\sum nY_{n}\delta_{n}<\infty$\end{document}$, *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\sum B_{n}Y_{n}$\end{document}$ *is convergent*, *then* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& n B_{n} Y_{n}=O (1 ) \quad \textit{as }n\rightarrow \infty, \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \sum_{n=1}^{\infty}nY_{n}| \Delta B_{n}|< \infty. \end{aligned}$$ \end{document}$$

Proof of Theorem [3.1](#FPar2){ref-type="sec"} {#Sec4}
==============================================

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(I_{n})$\end{document}$ indicate the *T*-transform of the series $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\sum a_{n}\lambda_{n}$\end{document}$. Then we obtain $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \bar{\Delta}I_{n} = \sum _{v=0}^{n}\hat{t}_{nv}a_{v} \lambda_{v}=\sum_{v=1}^{n} \frac{\hat{t}_{nv}\lambda_{v}}{v} v a_{v} $$\end{document}$$ by means of ([8](#Equ8){ref-type=""}) and ([9](#Equ9){ref-type=""}).

Using Abel's formula for ([18](#Equ18){ref-type=""}), we obtain $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \bar{\Delta}I_{n} ={} & \sum_{v=1}^{n-1} \Delta_{v} \biggl( \frac{\hat{t}_{nv}\lambda _{v}}{v} \biggr) \sum _{r=1}^{v} ra_{r}+\frac{\hat{t}_{nn}\lambda _{n}}{n}\sum _{r=1}^{n} ra_{r} \\ ={} & \sum_{v=1}^{n-1}\frac{v+1}{v} \Delta_{v} (\hat{t}_{nv} )\lambda_{v}z_{v}+ \sum_{v=1}^{n-1}\frac{v+1}{v} \hat{t}_{n,v+1}\Delta \lambda_{v}z_{v} \\ &+\sum_{v=1}^{n-1}\hat{t}_{n,v+1} \lambda _{v+1}\frac{z_{v}}{v}+\frac{n+1}{n}{t}_{nn} \lambda_{n}z_{n} \\ = {}& I_{n,1}+I_{n,2}+I_{n,3}+I_{n,4}. \end{aligned}$$\end{document}$$

For the proof of Theorem [3.1](#FPar2){ref-type="sec"}, it suffices to prove that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \sum_{n=1}^{\infty}\varphi_{n}^{k-1} \vert I_{n,r} \vert ^{k}< \infty $$\end{document}$$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$r=1,2,3,4$\end{document}$.
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Corollary {#Sec5}
=========
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Conclusions {#Sec6}
===========

In this study, we have generalized a well-known theorem dealing with an absolute summability method to a $\documentclass[12pt]{minimal}
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                \begin{document}${\varphi}-|T,p_{n}|_{k}$\end{document}$ summability method of an infinite series by using almost increasing sequences and *δ*-quasi-monotone sequences.
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